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We report theoretical results for the electronic contribution to thermal and electrical transport for chiral su-
perconductors belonging to even or odd-parity E1 and E2 representations of the tetragonal and hexagonal point
groups. Chiral superconductors exhibit novel transport properties that depend on the topology of the order
parameter, topology of the Fermi surface, the spectrum of bulk Fermionic excitations, and – as we highlight
– the structure of the impurity potential. The anomalous thermal Hall effect is shown to be sensitive to the
structure of the electron-impurity t-matrix, as well as the winding number, ν , of the chiral order parameter,
∆(p) = |∆(p)|eiνφp . For heat transport in a chiral superconductor with isotropic impurity scattering, i.e., point-
like impurities, a transverse heat current is obtained for ν =±1, but vanishes for |ν |> 1. This is not a universal
result. For finite-size impurities with radii of order or greater than the Fermi wavelength, R≥ h¯/p f , the thermal
Hall conductivity is finite for chiral order with |ν | ≥ 2, and determined by a specific Fermi-surface average of
the differential cross-section for electron-impurity scattering. Our results also provide quantitative formulae for
interpreting heat transport experiments for superconductors predicted to exhibit broken time-reversal and mirror
symmetries.
I. INTRODUCTION
The search for an electronic analog of the chiral phase of
superfluid 3He has been pursued by many laboratories,1–3
driven in part by theoretical predictions of novel electronic
properties of topological insulators and superconductors.
Indeed chiral superfluids and superconductors are topo-
logical phases with gapless Fermionic excitations that re-
flect the momentum-space topology of the condensate of
Cooper pairs. The A-phase of superfluid 3He was defini-
tively identified as a chiral p-wave superfluid by the ob-
servation of anomalous Hall transport of electrons moving
through a quasiparticle fluid of chiral Fermions.4,5
In 2D materials, chiral d-wave superconductivity is pre-
dicted for doped graphene6,7, while a chiral p-wave state
is proposed for MoS.8 For the 3D pnictide SrPtAs, where
there is evidence from µSR of broken time-reversal sym-
metry onsetting at the superconducting transition,9 a chiral
d-wave state has been proposed theoretically as the ground
state.10 The perovskite superconductor, Sr2RuO4, has been
studied extensively and was proposed as a promising can-
didate for chiral p-wave superconductivty (Eu pairing with
~∆ = dˆ(px + ipy)), in part based on similarities of its
normal-state Fermi-liquid properties with those of liquid
3He.11,12 Observations of broken time-reversal symmetry
from both µSR and Kerr rotation measurements support an
indentification of Sr2RuO4 as a chiral superconductor.13,14
However, experiments designed to detect the theoretically
predicted chiral edge currents,15 or to test for the two-
dimensionality of the Eu representation that is a neces-
sary requirement to support a chiral ground state, so far
are inconclusive, or report null results.16–19 Recent trans-
port measurements also appear to conflict with the chi-
ral p-wave identification based on the Eu representation;
i.e. thermal conductivity measurements at low tempera-
tures and as a function of magnetic field, which probe the
low-energy quasiparticle excitation spectrum, are consis-
tent with the nodal line structure of a d-wave order param-
eter, and inconsistent with the gap structure expected based
on the Eu representation.20,21 The possibility that Sr2RuO4
is an even parity chiral superconductivity has so far not
been ruled out.
The first superconductor reported to show experimen-
tal evidence of broken time-reversal symmetry was the
heavy fermion superconductor, UPt3, based on µSR
linewidth measurements.22 This experiment followed the-
oretical predictions of broken time-reversal symmetry in
the B-phase of UPt3, i.e. the lower temperature super-
conducting phase.23 Particularly striking is the relatively
recent observation of the onset of Kerr rotation at the tran-
sition to the low-temperature B-phase of UPt3.24 These re-
sults support the identification of a chiral superconducting
phase of UPt3, and they also support the basic theoreti-
cal model of a multi-component order parameter belong-
ing to a two-dimensional representation of the hexagonal
point group, D6h, in which a weak symmetry breaking field
lifts the degeneracy of the two-component order stabiliz-
ing two distinct superconducting phases in zero magnetic
field.23,25 In this theory the predicted A phase of UPt3
is time-reversal symmetric with pronounced anisotropic
pairing correlations in the hexagonal plane,26,27 is pref-
erentially selected by the symmetry breaking field, and
nucleates at Tc1 = 560mK as the first superconducting
phase. The B-phase develops as the sub-dominant partner
of the two-dimensional representation nucleates at Tc2 ≈
470mK, such that the low-temperature superconducting
phase spontaneously breaks both time-reversal and mirror-
reflection symmetries, the latter defined by a plane con-
taining the chiral axis which is aligned parallel (or anti-
parallel) to the c-axis of UPt3.
There are four two-dimensional representations of D6h:
two even-parity representations, E1g and E2g, and two odd-
parity representations, E1u and E2u, all of which allow for
chiral ground states.28,29 The chiral ground states belong-
ing to the E1 and E2 representations are defined by zeroes
of the Cooper pair amplitude at points p = ±p f zˆ on the
Fermi surface that are protected by the topology of the
orbital order parameter in momentum space, i.e. ∆(p) =
|∆(p)|eiν φp , where φp is the azimuthal angle defining a
point p on the Fermi surface, and ν =±1 (ν =±2) for the
E1 (E2) representations.30 The bulk of the experimental ev-
idence - thermodynamic, H-T phase diagram,28,31,32 ther-
mal transport,33,34 ultra-sound,35 Josephson tunneling,3
SANS36 and optical spectroscopy measurements24 - sup-
ports the identification of UPt3 as an odd-parity supercon-
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2ductor with an order parameter belonging to the E2u rep-
resentation, and a chiral B-phase order parameter of the
form,~∆±(p) = ∆B(T ) dˆ pˆz (pˆx± ipˆy)2 ∼ dˆe±i2φp . The vec-
tor dˆ is the quantization axis along which the spin-triplet
Cooper pairs have zero spin projection, i.e. an equal-spin
pairing (ESP) state.31 A key feature of the E2u chiral order
parameter is the winding number ν = ±2. The Josephson
interference experiment described in Ref. 3 can descrimi-
nate between |ν | = 1 and |ν | = 2 chiral ground states. In-
deed the report of a pi phase shift in the Fraunhofer pattern
for the corner-SQUID geometry, combined with the ob-
servations of broken time-reversal symmetry,22,24 provides
strong evidence in favor a |ν | = 2 (E2u) chiral B-phase
of UPt3. Nevertheless, the definitive proof of bulk chiral
superconductivity awaits a zero-field bulk transport mea-
surement that otherwise vanishes in the absence of broken
time-reversal and mirror symmetries.
II. ANOMALOUS HALL TRANSPORT
The winding number of the order parameter for a chi-
ral superconductor reflects the topology of the supercon-
ducting ground state. For a fully gapped chiral supercon-
ductor ν is related to the Chern number defined in terms
of the Bogoliubov-Nambu Hamiltonian in 2D momentum
space, or for chiral superconductors defined on a 3D Fermi
surface the effective two-dimensional spectrum at fixed
pz 6= 0, C (pz) = 12pi
´
d2 pΩz(p), where Ωz(p) is the Berry
curvature.37 The result for the Chern number is C (pz) = ν ,
which provides topological protection for a spectrum of
chiral Fermions.
For 2D chiral phases there is a spectrum of massless
chiral Fermions confined on the boundary (edge states)
with the zero-energy state enforced by the bulk topology.
However, for a chiral order parameter defined on a closed
3D Fermi surface there is also a bulk spectrum of gapless
Weyl-Majorana Fermions with momenta near the nodal
points pz = ±p f , in addition to a spectrum of massless
chiral Fermions confined on surfaces normal to the [1,0,0]
and [0,1,0] planes.38
A. Anomalous Edge Transport
In two dimensions for a fully gapped chiral p-wave
ground state the spectrum of chiral edge Fermions is pre-
dicted to give rise to quantized heat and mass transport in
chiral superfluids and superconductors.38–42 In particular,
an anomalous thermal Hall conductance is predicted to be
quantized, Kxy/kBT = pi12 kB/h¯ based on the low-energy ef-
fective field theory of the chiral edge states.39,43 This re-
sult is also obtained from the topology of the bulk order
parameter combined with linear response theory based on
the Bogoliubov Hamiltonian for 2D px + ipy topological
superconductors.42
For a chiral superconductor defined on a 3D Fermi sur-
face an anamolous thermal Hall current is predicted, but is
not quantized in units of a fundamental quantum of con-
ductance. Based on the linear response theory of Qin et
al.,43 Goswami and Nevidomsky obtained a result for the
anomalous thermal Hall conductivity of the B-phase of
UPt3 for T  Tc2 ,37
κxy/kBT = ν
pi
6
kB
h¯
(
∆p
2pi h¯
)
. (1)
The anomalous thermal Hall conductivity reflects the num-
ber of branches of chiral Fermions confined on the [1,0,0]
or [0,1,0] surface, i.e. |ν | = 2 for the E2u chiral ground
state. The non-universality of the thermal Hall conductiv-
ity is reflected by the term ∆p, which is the “distance” be-
tween the two topologically protected ν = 2 Weyl points at
pˆz = ±1 on a projected surface containing the chiral axis;
e.g. ∆p = 2p f for a spherical Fermi surface.37
Thus, heat transport experiments could decisively iden-
tify the broken symmetries and topology of superconduc-
tors predicted to exhibit chiral order. The thermal conduc-
tivity depends on both the topology of the order parameter
and the Fermi surface. The anomalous thermal Hall effect,
in which a temperature gradient generates heat currents
perpendicular to it, results from broken time-reversal and
mirror symmetries – a direct signature of chiral pairing.44
A zero-field thermal Hall experiment can also be used as
signature of chiral edge states. However, zero-field Hall
transport has remained elusive thus far.
B. Impurity-Induced Anomalous Transport
Here we consider zero-field Hall transport resulting
from electron-impurity interactions in the bulk of the su-
perconductor, which we show are easily several orders of
magnitude larger than the edge contribution. There are
theoretical predictions for the impurity-induced anoma-
lous thermal Hall effect in chiral superconductors, based
on point-like impurities.45–47 As we show, the point-like
impurity model, which includes only s-wave quasiparticle-
impurity scattering, predicts zero Hall response except
for Chern number ν = ±1, i.e. only for chiral p-wave
superconductors.45
In the following we present a self-consistent theory in-
corporating the effects of finite-size impurities and show
that such effects cannot be ignored in a quantitative de-
scription of Hall transport in chiral superconductors. Ex-
perimental observation of an impurity-induced anomalous
thermal Hall effect would provide a definitive signature of
chiral superconductivity. The bulk effect can easily domi-
nate the edge state contribution to the anomalous Hall cur-
rent, except in ultra-pure fully gapped chiral superconduc-
tors.
III. TRANSPORT THEORY
We start from the Keldysh extension48 of the
transport-like equations originally developed by Eilen-
berger, Larkin and Ovchinnikov for equilibrium states of
superconductors,49,50 and extended by Larkin and Ovchin-
nikov to describe superconductors out of of equilibrium.51
This formalism is referred to as “quasiclassical theory”.
For reviews see Refs. 52–54. The quasiclassical theory
is formulated in terms of 4× 4 matrix propogators for
Fermionic quasiparticles and Cooper pairs that describe
the space-time evolution of the their non-equilibrium dis-
tribution functions, as well as the dynamical response of
the low-energy spectral functions and the superconducting
order parameter. Here we are interested in the response
to static, or low-frequency, thermal gradients and external
forces that couple to energy, mass and charge currents. We
follow as much as possible the notation and conventions of
theory developed for thermal transport in unconventional
superconductors by Graf et al.55
3A. Keldysh-Eilenberger Equations
The quasiclassical transport equations are matrix equa-
tions in particle-hole (Nambu) space which describe the
dyanmics of quasiparticle excitations and Cooper pairs.
Physical properties, such as the spectral density, currents
or response functions are expressed in terms of compo-
nents of the Keldysh matrix propagator,
Gˇ(p,ε;r, t) =
ĝR ĝK
0 ĝA
 , (2)
where ĝR,A,K(p,ε;r, t) are the 4×4 retarded (R), advanced
(A) and Keldysh (K) matrix propogators.
The nonequilibrium dynamics is described by a trans-
port equation for the Keldysh (K) propagator,
ĤR ◦ ĝK(p,r;ε, t)− ĝK ◦ ĤA(p,r;ε, t)
+ĝR ◦ Σ̂K(p,r;ε, t)− Σ̂K ◦ ĝA(p,r;ε, t)
+ivp ·∇ĝK(p,r;ε, t) = 0 , (3)
as well as transport equations for the retarded and ad-
vanced propagators,[
ĤR,A , ĝR,A
]
◦
+ ivp ·∇ĝR,A(p,r;ε, t) = 0 , (4)
where
ĤR,A(p,r;ε, t) = ετ̂3− v̂(p,r; t)− Σ̂R,A(p,r;ε, t) , (5)
is defined in terms of the excitation energy, ε , the cou-
pling to external fields, v̂, and the self-energies, Σ̂R,A. Pair-
ing correlations, as well as effects of scattering by impuri-
ties, phonons and quasiparticles are described by the self-
energies, Σ̂R,A,K . The convolution product (◦-product) ap-
pearing in Eqs. (3-4), in the mixed energy-time represen-
tation, is defined by,
Â◦ B̂(ε; t) = e i2 [∂Aε ∂Bt −∂At ∂Bε ] Â(ε; t)B̂(ε; t) . (6)
Note that ε is the excitation energy and t is the external
time variable. The operator expansion for the convolution
product is particularly useful if the external timescale, t ∼
ω−1 is slow compared to the typical internal dynamical
timescales, h¯/∆ and τ , i.e. ω  |ε| ∼ ∆ and ω  1/τ . In
this limit we can expand Eq. (6),56
Â◦ B̂(ε; t)≈ Â(ε; t)B̂(ε; t)+ i
2
[
∂ Â
∂ε
∂ B̂
∂ t
− ∂ Â
∂ t
∂ B̂
∂ε
]
. (7)
The quasiclassical transport equations are supplemented
by the normalization conditions,49,50
ĝR,A ◦ ĝR,A =−pi2 1̂ , (8)
ĝR ◦ ĝK− ĝK ◦ ĝA = 0 , (9)
B. Quasiclassical Propagators
The quasiclassical propagators are 4×4-matrices whose
structure describes the internal quantum-mechanical de-
grees of freedom of quasi-particles and quasi-holes. In
addition to spin, the particle-hole degree of freedom is of
fundamental importance to our understanding of supercon-
ductivity. In the normal state of a metal or Fermi liquid
there is no quantum-mechanical coherence between par-
ticle and hole excitations. By contrast, the distinguish-
ing feature of the superconducting state is the existence
of quantum mechanical coherence between normal-state
particle and hole excitations. Particle-hole coherence is
the origin of persistent currents, Josephson effects, An-
dreev scattering, flux quantization, and all other nonclas-
sical superconducting effects. The quasiclassical propaga-
tors are directly related to density matrices which describe
the quantum-statistical state of the internal degrees of free-
dom. Nonvanishing off-diagonal elements in the particle-
hole density matrix are indicative of superconductivity, in-
deed the onset of non-vanishing off-diagonal elements is
the signature of the superconducting transition.
The Nambu matrix structure of the propagators and self
energies is
ĝR,A,K =
 gR,A,K +gR,A,K ·σ ( f R,A,K + fR,A,K ·σ) iσy
iσy
(
f¯ R,A,K + f¯R,A,K ·σ) g¯R,A,K− g¯R,A,K ·σyσσy
 . (10)
The 16 matrix elements of ĝR,A,K are expressed in terms
of 4 spin-scalars (gR,A,K , g¯R,A,K , f R,A,K , f¯ R,A,K) and 4 spin-
vectors (gR,A,K , g¯R,A,K , fR,A,K , f¯R,A,K). All matrix elements
are functions of p, ε , r and t. The spin scalars gR,A,K ,
g¯R,A,K determine spin-independent properties such as the
charge, mass and heat current densities, je(r, t), jm(r, t)
and jq(r, t), as well as the local density of states
N(ε;r, t) = N f
ˆ
dp
[
− 1
pi
Im 12 Tr
{
τ̂3 ĝR(p,ε;r, t)
}]
, (11)
where N f is the normal-state density of states at the Fermi
energy. The integration is over the Fermi surface weighted
by the angle-resolved normal density of states at the Fermi
surface, n(p), normalized to
ˆ
dp(...)≡
ˆ
dSpn(p)(. . .) with
ˆ
dSpn(p) = 1 . (12)
The current densities are determined Fermi-surface av-
erages over the elementary currents, [evp], mass, [mvp],
and energy, [εvp], weighted by the scalar components of
4the diagonal Keldysh propagator. In particular, the charge
and heat current densities are given by
je(r, t)=N f
ˆ
dp
ˆ
dε
4pii
[evp]Tr
{
τ̂3 ĝK(p,ε;r, t)
}
, (13)
jq(r, t)=N f
ˆ
dp
ˆ
dε
4pii
[εvp]Tr
{
ĝK(p,ε;r, t)
}
. (14)
The off-diagonal components, f R,A,K and fR,A,K , are the
anomalous propagators that characterize the pairing corre-
lations of the superconducting state. Spin-singlet pairing
correlations are encoded in f K , while fK is the measure of
spin-triplet pairing correlations. Pair correlations develop
spontaneously at temperatures below the superconducting
transition temperature Tc. The anomalous propagators are
not directly measurable, but the correlations they measure
are observable via their coupling to the “diagonal” propa-
gators, gR,A,K and gR,A,K , through the transport equations.
C. Coupling to External and Internal Forces
The couplings of low-energy excitations to electromag-
netic fields are defined in terms of the scalar and vector
potentials,
v̂EM = eϕ(r, t)τ̂3+
e
c
vp ·A(r, t)τ̂3 . (15)
Note that eτ̂3 encodes the charge coupling of both parti-
cle and hole excitations to the electromagnetic field. The
magnetic field also couples to the quasiparticles and pairs
via the Zeeman energy, v̂Z = γŜ ·B(r, t), where B=∇×A,
γ is the gyromagnetic ratio of the normal-state quasiparti-
cles, and Ŝ= 12 (1̂+ τ̂3)σ − 12 (1̂− τ̂3)σyσσy is the Nambu
representation of the Fermion spin operator.
Mean-Field Self-Energies
Superconductors driven out of equilibrium are also sub-
ject to internal forces on quasiparticles and Cooper pairs,
originating from electron-electron, electron-phonon and
electron-impurity interactions. These interactions enter
the quasiclassical theory as self-energy terms, Σ̂R,A,K , in
the transport Eqs. 3, 4, and 5. We include self-energies
that contribute to leading order in expansion parameters,
s= {1/k f ξ , kBTc/E f ,1/k f `, h¯/τE f ∆/E f . . .} 1 that de-
fine the low-energy, long-wavelength region of validity of
Landau Fermi-liquid theory, and its extension to include
BCS condensation.52,54,57
The leading order contributions to the self-energy
from quasiparticle-quasiparticle interactions correspond
the mean-field self-energies, Σ̂R,A,Kmf , in the particle-hole
(Landau) and particle-particle (Cooper) channels, and are
represented by Eqs. 16 and 17, respectively,
Σˆ(p) =
ˆ
dp′
 
dε ′
4pii
[
As(p,p′)gK(p′,ε ′) 1ˆ+Aa(p,p′)gK(p′,ε ′) ·σ] , (16)
∆ˆ(p) =−
ˆ
dp′
 
dε ′
4pii
[
µs(p,p′) f K(p′,ε ′) iσy+µ t(p,p′) fK(p′,ε ′) · iσσy
]
. (17)
Note that Σˆ and ∆ˆ represent the upper row of the Nambu
matrix, Σ̂mf. Since the mean-field self-energies are inde-
pendent of ε , Σ̂Rmf = Σ̂
A
mf = Σ̂mf, and Σ̂
K
mf = 0. The ver-
tex, A(p,p′), in Eq. 16 represents the quasiparticle inter-
actions in the particle-hole channel. In the non-relativisitic
limit these interactions are spin-rotation invariant, in which
case there are two real amplitudes: the spin-independent
quasiparticle-quasiparticle interaction, As(p,p′), the ex-
change term, Aa(p,p′), describing the spin-dependent
quasiparticle-quasiparticle interaction. These interactions
are defined by the renormalized four-point vertex in the
forward-scattering limit for quasiparticles with momenta
and energies confined to the Fermi surface, i.e. |p| =
|p′| = p f and ε = ε ′ = 0, which is a good approxima-
tion in the Fermi-liquid regime far from a quantum criti-
cal point. Thus, the propagator is integrated over the low-
energy bandwidth defined by
ffl
(. . .) ≡ ´ +εc−εc (. . .), and the
corresponding self-energies depend on the direction of the
quasiparticle momentum on the Fermi surface, but are in-
dependent of ε .
In the Cooper channel the mean-field self energy from
quasiparticle interactions is given by Eq. 17. The ver-
tex labeled by µ∗ separates in terms of an even-parity,
spin-singlet interaction, µs(p,p′), and an odd-parity, spin-
triplet interaction, µ t(p,p′), the latter resulting from ex-
change symmetry in the non-relativistic limit.58 In a rota-
tionally invariant Fermi liquid like liquid 3He, the inter-
actions in the Cooper channel further separate according
to the irreducible representations of the rotation group in
three dimensions, SO(3)L,
µs(t)(p,p′) =
even (odd)
∑
l
µl
+l
∑
m=−l
Y ∗l,m(pˆ)Yl,m(pˆ
′) , (18)
which are labeled by the orbital angular momentum quan-
tum number l ∈ {0,1,2, . . .}, with the basis functions
given by the spherical harmonics {Ylm(pˆ)}, normalized
to
´
dpYlm(pˆ)Yl′m′(pˆ′) = δll′δmm′ . The Cooper instability
occurs in the pairing channel defined by the most attractive
interaction, µl , which for 3He is the odd-parity, spin-triplet
(S = 1), l = 1 (p-wave) channel.
For strongly correlated materials Cooper pairing is me-
diated by quasiparticle-quasiparticle interactions. This is
necessarily the case in a single-component Fermi system
like liquid 3He, and is prevalent in strongly correlated elec-
tronic compounds such as the heavy-fermion superconduc-
tors, UPt3 and URu2Si2, and unconventional superconduc-
tors like Sr2RuO4, all of which exhibit experimental sig-
natures of broken time-reversal symmetry by the superon-
ducting state. For these superconductors the pairing chan-
nel belongs to an irreducible representation of the crys-
tal point group. Equation 18 holds with l summed over
5the irreducible reprentations of the point group, the sec-
ond sum m is over the set of orthogonal basis functions,
{Ylm(p)|m ∈ irrepl}, that span the irrep labeled by l. For
materials with hexagonal point symmetry, e.g. UPt3, we
consider the four two-dimensional “E-reps”: even par-
ity E1g and E2g representations and odd-parity E1u and
E2u. All four E-reps allow for a chiral ground state with
minimum Chern numbers of ν = ±1 (E1g(u)) or ν = ±2
(E2g(u)).
Impurity Self-Energy
The effects of impurity disorder originate from the
quasiparticle-impurity vertex, uˇ(p,p′), represented by the
dotted-line vertex in Eq. 19, which corresponds to the tran-
sition matrix element for elastic scattering of a quasiparti-
cle with momentum p to the point p′ on the Fermi sur-
face. Multiple scattering of quasiparticles and quasiholes
by an impurity is described by the Bethe-Salpeter equation
shown in Eq. 19.
tˇ(p′,p;ε) = uˇ(p′,p)
+N f
ˆ
dp′′ uˇ(p′,p′′) gˇ(p′′;ε)tˇ(p′′,p;ε) , (19)
where tˇ(p′,p;ε) is the t-matrix for quasiparticle-impurity
scattering, and gˇ(p;ε) is the quasiclassical Keldysh matrix
propagator for particles, holes and Cooper pairs.
The leading-order contribution to the configurational-
averaged self energy is then determined by scattering of
quasiparticles off an uncorrelated, random distribution of
statistically equivalent impurities with average density,
nimp,
Σˇimp(p;ε) = nimp tˇ(p,p;ε) =
Σ̂Rimp Σ̂Kimp
0 Σ̂Aimp
 (20)
where tˇ(p,p;ε) is the t-matrix evaluated self-consistently
in the forward-scattering limit. Thus, the Nambu-
matrix components of the impurity Keldysh self energy,
Σ̂
R,A,K
imp (p,r;ε, t) = nimp t̂R,A,K(p,p,r;ε, t), are determined
by the corresponding components of the t-matrix,
t̂R,A(p′,p,r;ε, t) = u(p′,p)+N f
ˆ
dp′′ u(p′,p′′) ĝR,A(p′′,r;ε, t)◦ t̂R,A(p′′,p,r;ε, t) (21)
t̂K(p′,p,r;ε, t) = N f
ˆ
dp′′ t̂R(p′,p′′,r;ε, t)◦ ĝK(p′′,r;ε, t)◦ t̂A(p′′,p,r;ε, t) . (22)
Before proceeding to non-equilibrium quasiparticle trans-
port we need to discuss the equilibrium state, including the
effects of impurity scattering, on the equilibrium-states of
chiral superconductors and superfluids.
IV. EQUILIBRIUM
For homogeneous systems in equilibrium the transport
equations for the retarded and advanced propagators re-
duce to
[ετ̂3− ∆̂(p)− Σ̂R,Aimp(p;ε) , ĝR,A(p;ε)] = 0 , (23)
where ∆̂(p) is the mean-field order parameter and
Σ̂imp(p;ε) is the equilibrium self-energy due to
quasiparticle-impurity scattering. We consider the
low-temperature limit in which the thermal populations
of quasiparticles and phonons are sufficiently small that
we can neglect quasiparticle-quasiparticle scattering and
quasiparticle-phonon scattering contributions to the self
energy. Thus, we retain only the mean-field pairing self
energy and impurity self energy resulting from elastic
quasiparticle-impurity scattering. The propagator is also
constrained by the normalization condition, which for
equilibrium reduces to matrix multiplication,[
ĝR,A(p,ε)
]2
=−pi2 1̂ . (24)
A chiral superconducting ground state is defined by
spontaneous breaking of time-reversal and mirror symme-
tries by the orbital state of the Cooper pairs. Thus, we re-
strict our analysis to unitary superconductors in which the
4×4 Nambu matrix order parameter obeys the condition,
∆̂(p)2 =−|∆(p)|2 1̂ . (25)
Unitary states preserve time-reversal symmetry with re-
spect to the spin-correlations of the pairing state. In the
clean limit |∆(p)| is the energy gap for quasiparticles with
momentum p near the Fermi surface, i.e. the Bogoliubov
quasiparticle excitation energy is doubly degenerate with
respect to spin and given by Ep =
√
ξ 2p + |∆(p)|2, with
ξp = v f (|p| − p f ) and ∆(p) defined for p on the Fermi
surface. The unitarity condition is necessarily satisfied
by spin-singlet pairing states, and is also the case for all
known spin-triplet superconductors in which the parent
state in zero external field is non-magnetic.59 An impor-
tant class of unitary triplet states are the equal-spin-pairing
(ESP) states defined by the 2×2 spin-matrix order param-
eter, ∆ˆ(p) = ∆(p) dˆ · (iσσy), in which dˆ is the direction in
spin space along which the Cooper pairs have zero spin
projection. Equivalently, this state corresponds to equal
amplitudes for the spin projections Su = +1 and Su = −1
with uˆ ⊥ dˆ. For the chiral A-phase of 3He, the direction
dˆ can be controlled by a small magnetic field, B, through
the nuclear Zeeman energy that orients d ⊥ B. For chi-
ral superconductors spin-orbit coupling and the crystalline
field typically lock d along a high-symmetry diretion of
the crystal.
We consider four classes of chiral ground states corre-
sponding to the even-parity, spin-singlet, E1g and E2g, and
odd-parity, spin-triplet, E1u and E2u representations of the
6TABLE I. The representative basis functions, exhibiting chiral
order, for the point groups D4h and D6h.
Point
group
Irrep
Γ
Basis function
ηΓ(pˆ)
Chiral
order ν
Parity
D4h
Eg pˆz(pˆx + ipˆy)∝Y 12 (pˆ) 1 +
Eu pˆx + ipˆy∝Y 11 (pˆ) 1 −
D6h
E1g pˆz(pˆx + ipˆy)∝Y 12 (pˆ) 1 +
E2g (pˆx + ipˆy)2∝Y 22 (pˆ) 2 +
E1u pˆx + ipˆy∝Y 11 (pˆ) 1 −
E2u pˆz(pˆx + ipˆy)2∝Y 23 (pˆ) 2 −
hexagonal point group, D6h. These representations all al-
low for chiral ground states with principle winding num-
bers, ν = ±1 (ν = ±2) for the E1 (E2) representations.60
Table I provides representative basis functions for these
two-dimensional representations.
For even-parity, spin-singlet pairing the Nambu-
matrix order parameter has the form, ∆̂(p) =
(∆(p) τ̂++∆∗(p) τ̂−) ⊗ (iσy), where τ̂± = (τ̂1± iτ̂2)/2
and {1̂, τ̂1, τ̂2, τ̂3} are 2× 2 matrices spanning particle-
hole (Nambu) space. The spin-singlet correlations
are represented by the Pauli matrix iσy, which is
anti-symmetric under exchange. The orbital order
parameter, ∆(p), is symmetric under exchange imply-
ing ∆(−p) = +∆(p). The general form of the orbital
order parameter is spanned by the two-dimensional
space of E1(2)g basis functions. For E1g the chiral
basis {Yν(p)|ν = ±1} can be constructed from the
2D vector representation: Yν(p) = Yzx(p) + iνYzy(p)
= sin(pzaz)(pˆx + iν pˆy) = sin(pzaz)eiνφp , where the latter
two forms correspond to E1g basis functions defined on
a cylindrical Fermi surface with φp corresponding to the
azimuthal angle of p. Note that chiral E1g pairing also
breaks reflection symmetry in the plane normal to the
chiral axis, and has a line of nodes in the energy gap for
momenta in the plane pz = 0. Thus, E1g pairing is not
realized in 2D, but is defined on a 3D Fermi surface.
For chiral E2g pairing the basis functions can be de-
fined as Yν(p) = Yx2−y2(p) + isgn(ν)Yxy(p) = (pˆx +
isgn(ν)pˆy)|ν | = eiνφp , with ν = ±2. The the latter two
forms correspond to E2g pairing defined on a cylindrical
Fermi surface. Note that the chiral ground state for E2g also
breaks reflection symmetry in one or more planes contain-
ing the chiral axis, ˆ` = zˆ, but, in contrast to E1g, preserves
reflection symmetry in the plane normal to the chiral axis.
Thus, a fully-gapped chiral ground state is possible in 2D,
as well as a 3D Fermi surface that is open in the pz direc-
tion. For a 3D Fermi surface that is closed in the pz direc-
tion, the chiral E2g ground state has topologically protected
nodal points of ∆(p) at p± = ±p f zˆ, and a corresponding
spectrum of massless chiral Fermions in the bulk phase.37
For odd-parity, ESP triplet states the Nambu-
matrix order parameter takes the form, ∆̂(p) =
(∆(p) τ̂+−∆∗(p) τ̂−) ⊗ (σx), where we have chosen
the ESP state with dˆ = zˆ.61 The ESP triplet-correlations
are represented by the symmetric Pauli matrix σ , and
the odd-parity, order parameter, ∆(p), is necessarily anti-
symmetric under exchange implying ∆(−p) = −∆(p).
For E1u pairing the chiral basis {Yν(p)|ν = ±1} is
constructed from the odd-parity 2D vector representation:
Yν(p) = Yx(p) + iνYy(p) = (pˆx + iν pˆy) = eiνφp , the
latter two forms correspond to E1u basis functions defined
on a cylindrical Fermi surface with φp corresponding
to the azimuthal angle of p. In contrast E1g the E1u
chiral ground states are fully gapped in 2D, and in
3D for an open Fermi surface in the pz direction. For
chiral E2u pairing the basis functions are constructed
from those of E2g by multiplying by odd-parity function
of pz. Thus, Yν(p) = Yz(x2−y2)(p) + isgn(ν)Yz(xy)(p)
= sin(pzaz)(pˆx + isgn(ν)pˆy)2 = sin(pzaz)eiνφp , with
ν = ±2. These chiral states correspond to the E2u pairing
model for the B-phase of UPt3.
A. 2D Chiral Superconductors
Here we consider the fully gapped E1u and E2g chiral
ground states defined on a 2D cylindrical Fermi surface.
These two cases illustrate nearly all of the key physical
phenomena responsible for anomalous thermal and elec-
trical transport mediated by non-magnetic impurity scat-
tering in chiral superconductors. In Sec. VI D we extend
the theory to anomalous transport based on the 3D chiral
states with line and point nodes.
At low temperatures, thermally excited quasiparticles
and phonons are dilute, therefore quasiparticles interact
predominantly with quenched defects. For randomly dis-
tributed impurities, the self-energy is given by Σˆimp(pˆ;ε)=
nimptˆ(pˆ, pˆ;ε), where nimp is the impurity density and the
single-impurity tˆ matrix in the superconducting state can
be re-written in terms of the normal-state t-matrix which
can be defined in terms of scattering phase shifts for
normal-state quasiparticle-impurity scattering,
tˆR,A(pˆ′, pˆ;ε) = tˆR,AN (pˆ
′, pˆ)+N f
〈
tˆR,AN (pˆ
′, pˆ′′)
[
gˆR,A(pˆ′′;ε)− gˆR,AN
]
tˆR,A(pˆ′′, pˆ;ε)
〉
pˆ′′
(26a)
tˆK(pˆ′, pˆ;ε) = N f
〈
tˆR(pˆ′, pˆ′′;ε)gˆK(pˆ′′;ε)tˆA(pˆ′′, pˆ;ε)
〉
pˆ′′ . (26b)
Here N f denotes the density of states per spin at the
Fermi surface and 〈. . .〉pˆ the Fermi-surface average — in
isotropic systems, 〈. . .〉pˆ =
´ 2pi
0 dφpˆ/(2pi)(. . .). The super-
scripts denote three types of quasiclassical propagators:
retarded (R), advanced (A) and Keldysh (K). In deriv-
ing Eq. (26), the bare electron-impurity interaction ver-
tex is eliminated in favor of the normal-state propagator,
7gˆN =−pigN τˆ3 with gRN = (gAN)∗ = i, and tˆ matrix,
tˆN(pˆ′, pˆ) =
−1
piN f
+∞
∑
m=−∞
eim(φ−φ ′)
cotδm−gN τˆ3 (27)
with δm the scattering phase shift in the mth cylindrical
harmonic62. Here and in the following, the Fermi direc-
tions (pˆ, pˆ′, pˆ′′, . . . ) and their corresponding azimuth angles
(φ ,φ ′,φ ′′, . . . ) are used interchangeably.
The mean field order parameter for fully gapped, unitary
2D chiral states can be expressed in the following form,
∆̂S(p) = ÛS ∆̂(p)Û†S , where ÛS is the unitary matrix for
singlet (S = 0) or triplet (S = 1) pairing,
Û0 =
iσy 0
0 1
 , Û1 =
dˆ · iσσy 0
0 1
 , (28)
and ∆̂(p) reduces to
∆̂(p) = ∆eiνφp τ̂3 (iτ̂2) =
 0 ∆eiνφp
−∆e−iνφp 0
 , (29)
for both S = 0 and S = 1. Thus, in the absence of exter-
nal magnetic fields, magnetic impurities or spin-depenent
perturbations, the spin structure of the order parameter can
be transformed away by a unitary transformation, and as
previously noted the quasiparticle excitation spectrum is
doubly degenerate with respect to the quasiparticle spin.
This representation of the mean-field order parameter
extends to the off-diagonal components of the impurity self
energy. In Eq. 29 we chose ∆ to be real. In this gauge the
off-diagonal impurity self-energies reduce to
∆̂R,Aimp(p;ε) = ∆
R,A
imp(ε)e
iνφp τ̂3(iτ̂2) , (30)
with the gauge condition, ∆R,Aimp(ε) = ∆
R,A
imp(−ε)∗.63 The
Nambu-matrix impurity self energy can then be expressed
in terms of three functions
Σ̂
R,A
imp(p;ε) = D
R,A
imp(ε)1̂+Σ
R,A
imp(ε)τ̂3+∆
R,A
imp(ε)e
iνφp τ̂3(iτ̂2) .
(31)
The term proportional to the unit Nambu matrix, DR,Aimp(ε)1̂,
drops out of Eq. 23 for the equilibrium propagators, ĝR,A,
and thus plays no role in determining the equilibrium prop-
erties of the superconductor. However, the unit-matrix
term does contribute to the linear response of the super-
conductor, e.g. the a.c. conductivity.64
The diagonal term proportional to τ̂3 can be combined
with the excitation energy and expressed as
ε˜R,A(ε) = ε−ΣR,Aimp(ε) , (32)
and similarly the impurity renormalized off-diagonal self
energy is given by
∆˜R,A(ε) = ∆+∆R,Aimp(ε) (33)
Thus, for any of the chiral, unitary states described by
Eq. (30), the equilibrium propagators that satisfies the
transport equation and normalization condition, Eqs. (23)
and (24), are given by
ĝR,A(p;ε) =−pi ε˜
R,Aτ̂3− ∆˜R,A eiνφp τ̂3(iτ̂2)√
(∆˜R,A)2− (ε˜R,A)2
(34)
≡−pi[gR,A(ε)τ̂3+ f R,A(ε)eiνφp τ̂3(iτ̂2)] . (35)
Note that the functions gR,A and f R,A satisfy the symme-
try relations: gA = (gR)∗ and f A = ( f R)∗. In equilibrium,
the Keldysh propagator is determined by the spectral func-
tions for quasiparticles and Cooper pairs, and the thermal
distribution of excitations,
ĝK(p;ε) =
(
ĝR(p;ε)− ĝA(p;ε)) tanh ε
2T
. (36)
Gap Equation: mean-field order parameter
The pairing interaction combined with the off-diagonal
component of the Keldysh propagator determines the
mean-field pairing self-energy for any of the unitary chi-
ral states is given by the “gap equation”,
∆(p) =−
ˆ
dp′ µ(p,p′)
 
dε ′
4pii
f K(p′;ε ′) (37)
where the pairing interaction in any of the two-dimensional
E-reps defined on a cylindrical Fermi surface has the form
µ(p,p′) = µ|ν |
(
e−iνφp e+iνφp′ + e+iνφp e−iνφp′
)
(38)
= 2µ|ν | cos[ν(φp−φp′)] . (39)
Thus, projecting out the amplitude of the chiral mean-field
order paramter we obtain the gap equation,
∆=V
 
dε
4pii
(−pi)[ f R(ε)− f A(ε)] tanh ε
2T
. (40)
(41)
In practice the vertex strength V is eliminated in favor of
either the critical temperature or the gap value at zero tem-
perature.
In equilibrium, the retarded and advanced propagators
are given by
gˆeq(pˆ;ε) =−pi ε˜
R,A(ε)τˆ3− ∆˜R,A(ε)eiτˆ3νφ (iτˆ2)
CR,A(ε)
=−pi
[
g(ε)τˆ3+ f (ε)eiτˆ3νφ (iτˆ2)
]
(42)
where g = ε˜/C, f = −∆˜/C and C = [∆˜(ε)2− ε˜(ε)2]1/2.
Renormalized by interactions with defects, the equilibrium
spectrum are given by ε˜ = ε −Σimp and ∆˜ = ∆mf +∆imp,
where ∆mf is the mean-field excitation gap and Σimp and
∆imp are defined in terms of the equilibrium self-energy65
Σˆimp(pˆ;ε) = D(ε)1ˆ+Σimp(ε)τˆ3+∆imp(ε)eiτˆ3ν pˆhi(iτˆ2).
(43)
8The self-energy is obtained from the equilibrium tˆ matrix,
tˆeq(pˆ′, pˆ;ε) =
−1
piN f
 t(pˆ′, pˆ;ε) u(pˆ′, pˆ;ε)
−u(pˆ′, pˆ;ε) t(pˆ′, pˆ;ε)

=
−1
piN f ∑m
eim(φ−φ
′)
 tm(ε) eiνφu−m(ε)
−e−iνφum(ε) t−m(ε)
 .
(44)
Upon solving Eq. (26), we have{
tm(ε)
tm(ε)
}
=
sinδm[cosδm+ν ±g(ε)sinδm+ν ]
cos(δm−δm+ν)∓g(ε)sin(δm−δm+ν) (45a){
um(ε)
um(ε)
}
=
f (ε)sinδm sinδm−ν
cos(δm−δm−ν)∓g(ε)sin(δm−δm−ν) .
(45b)
The off-diagonal pieces, um and um, describe branch con-
version scattering in which a Fermionic pair is formed or
broken. To conserve angular momentum, such scattering
only occurs between pairs of cylindrical harmonics which
are compatible with the angular momentum of a Cooper
pair. Therefore isotropic impurity scattering, i.e., point-
like impurities, does not result in branch conversion scat-
tering in chiral superconductors since the incoming and
outgoing scattering states are both in the s-wave channel.
Finally both the propagators and self-energies must be con-
sistent with the weak-coupling gap equation
∆mf =−V0
ˆ
dε
2
tanh
ε
2T
Im f R(ε), (46)
where V0 is the amplitude of the mean-field pairing vertex,
V (pˆ, pˆ′) = 2V0 cos[ν(φ −φ ′)].
V. LINEAR RESPONSE THEORY
For weak deviations from equilibrium, the heat current
is proportional to the temperature gradient
δ j(ε) =−↔κ ·∇T , (47)
where
↔
κ is the thermal conductivity, which is a tensor con-
strained by the symmetry of the ground state, in this a chi-
ral ground state. To obtain linear transport coefficients,
we self-consistently determine the equilibrium quasiclas-
sical propagators and their non-equilibrium corrections
through the linear order in perturbations. The equilibrium
propagators are inputs to the linear-response calculations.
They encode information about the quasiparticle spec-
trum. Heat currents are computed from the linear-response
Keldysh propagator which encapsulates non-equilibrium
corrections to the spectrum and occupation function.
We now consider the responses due to a static and ho-
mogeneous thermal gradient. Non-equilibrium corrections
to the propagators and self-energies shall be parametrized
as follows
δ gˆ(pˆ;ε) =−pi∑
n
einφ
 δgn(ε) eiνφδ fn(ε)
−e−iνφδ f
n
(ε) δgn(ε)

δ Σˆ(pˆ;ε) =∑
n
einφ
 δεn(ε) eiνφδ∆n(ε)
−e−iνφδ∆n(ε) δεn(ε)
 .
(48)
We introduce also the anomalous responses
δ xˆa(ε)= δ xˆK(ε)− tanh(ε/2T )[δ xˆR(ε)−δ xˆA(ε)] , (49)
where xˆ stands for propagators (xˆ → gˆ) or self-energies
(xˆ→ Σˆ). In the following, we shall be concerned mainly
with the anomalous functions, not least because the spec-
tral responses do not contribute to the thermal conductiv-
ity in the quasiclassical linear response theory66. Owing to
the axial symmetry of the spectrum, the responses in dif-
ferent cylindrical harmonics are decoupled and given by
(see, e.g.,66, for a general solution)
|δgan(ε)〉= La(ε)[|ψan (ε)〉+ |δΣan(ε)〉], (50)
where L is the linear-response operator, |δψn〉 the external
perturbation, |δgn〉 = (δgn,δgn,δ fn,δ f n)T and |δΣn〉 =
(δεn,δεn,δ∆n,δ∆n)T . The linear-response operator is
given by
La(ε) =−C a

1+ |g|2 −| f |2 −gR f A − f RgA
−| f |2 1+ |g|2 f RgA gR f A
gR f A − f RgA 1−|g|2 −| f |2
f RgA −gR f A −| f |2 1−|g|2

−Da

gR−gA · f A − f R
· −gR+gA − f R f A
− f A f R gR+gA ·
f R − f A · −gR−gA
 , (51)
where |g|2 = gRgA, | f |2 = f R f A and
{C a(ε),Da(ε)}= 1
2
{ReCR(ε), iImDR(ε)}
[ReCR(ε)]2− [ImDR(ε)]2 . (52)
A temperature gradient along the x axis generates a pertur-
bation of the form
|ψan (ε)〉= δ|n|,1ψa1 (ε)(1,1, ·, ·)T (53)
with ψa1 (ε) = (iv f /2)∂x tanh[ε/2T (x)]. We see that the
r.h.s. of Eq. (50) consists of two terms. Explicitly pro-
portional to the external field, the ‘direct’ contribution
is equivalent to the relaxation-time approximation in the
standard kinetic theory and does not yield transverse heat
currents. Indeed the anomalous Hall effect arises from the
term proportional to self-energy responses.
A. Self-Energy - Vertex Corrections
The self-energy corrections, which are ‘vertex correc-
tions’ in field-theoretic calculations, describe the dynami-
cal screening of perturbations by long-wavelength collec-
tive excitations54. Within our linear response theory, the
vertex corrections due to interactions with impurities are
calculated from the linearized tˆ matrix equation. In the
anomalous channel, the impurity self-energy is given by
δ Σˆa(pˆ;ε) = nimpN f
〈
tˆR(pˆ, pˆ′;ε)δ gˆa(pˆ′;ε)tˆA(pˆ′, pˆ;ε)
〉
pˆ′ .
(54)
9Since the spectrum exhibits axial symmetry, each cylindri-
cal harmonic decouples, yielding
|δΣan(ε)〉=−
nimp
piN f
Tan(ε)|δgan(ε)〉. (55)
The vertex-correction operator is defined by
Tan(ε) = 〈〈Yn(pˆ)∗Ta(pˆ, pˆ′;ε)Yn(pˆ′)〉pˆ〉pˆ′ , (56)
where Yn(pˆ) = einφ Diag(1,1,eiνφ ,e−iνφ ) and
Ta(pˆ, pˆ′;ε) =

tRtA −uRuA −tRuA −uRtA
−uRuA tRtA −uRtA −tRuA
tRuA uRtA tRtA −uRuA
uRtA tRuA −uRuA tRtA
 .
(57)
In the above, the retarded [advanced] tˆ matrix elements are
evaluated at (pˆ, pˆ′;ε) [(pˆ′, pˆ;ε)]. Note that in general the
mean-field pairing self-energies also contributes to vertex
corrections, however this is present only in the retarded
and advanced channels. The anomalous channel is subject
only to impurity-induced vertex corrections. For point-
like impurities, vertex corrections, and thus the anomalous
Hall effect, vanish in all but chiral p-wave states. To see
this, we write down the vertex correction due to isotropic
scattering [see, Eq. (54)], δ Σˆ(ε) ∝ 〈δ gˆ(pˆ;ε)〉pˆ – i.e., only
the isotropic components of the propagator responses con-
tribute to vertex corrections. Now consider a p-wave per-
turbation, ψ(pˆ) ∝ eiφ . The diagonal pieces of the equilib-
rium propagators are isotropic, thus their linear responses
acquire p-wave momentum dependence from the pertur-
bation. Such p-wave terms vanish under Fermi-surface av-
erage and, as a result, cannot induce vertex corrections.
On the other hand, the off-diagonal pieces of the equilib-
rium propagators contain the phase factor e±iνφ , encoding
the angular momentum of a Cooper pair. Their linear re-
sponses carry a phase factor ei(±ν+1)φ , which contributes
to vertex corrections only when |ν |= 1, i.e., chiral p-wave
pairing. This is not a universal result. For finite-size impu-
rities, vertex corrections and Hall effects are not limited to
chiral p-wave states.
VI. RESULTS
To quantify the effects of finite-size impurities, we con-
sider hard-disc scattering for which the scattering phase
shifts are given by67, tanδm = J|m|(k f R)/N|m|(k f R), where
R is the hard-disc radius and, Jm(z) and Nm(z) are the
Bessel functions of the first and second kind, respectively.
First we examine the equilibrium properties.
A. Suppression of Tc and Pair-breaking
The critical temperature, Tc, in disordered unconven-
tional superconductors obeys68,69
ln
Tc0
Tc
=Ψ
(
1
2
+
1
2
ξ0σpbnimp
Tc/Tc0
)
−Ψ
(
1
2
)
, (58)
where Ψ(x) is the digamma function and Tc0 and ξ0 =
v f /2piTc0 denote the critical temperature and coherence
length in a clean system. The pair breaking effect due to
FIG. 1. Cross sections and critical temperature vs hard-disc ra-
dius for chiral states: ν = 1 (solid) and ν = 2 (dashed). For the
hard-disc radius k f R≈ 3.05, cross sections and critical tempera-
ture of the two states coincide (filled circles). Top: Total (black),
transport (solid purple) and pair-breaking (purple) cross sections.
Bottom: Critical temperature for various impurity densities (see
legend).
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FIG. 2. Density of states for chiral order ν = 1 (left) and
ν = 2 (right), various impurity densities normalized by ξ 2∆ =
(piN f∆mf)−1 (see legend), and impurity radii: k f R = 1 (top) and
2.5 (bottom).
impurity scattering is characterized by the pair-breaking
cross section
σpb = (2/k f )∑m sin2(δm−δm+ν) (59)
for order parameters with winding number ν . This cross
section vanishes for s-wave pairing (ν = 0), yielding Tc =
Tc0 as expected from Anderson’s theorem.70 Fig. 1 shows
that σpb differs in general from the total cross section
σtot = (4/k f )∑m sin2 δm except in the small-impurity limit
k f R 1. Furthermore we see that σpb and Tc depend on
both the impurity radius and the chiral order. As a specific
feature of the hard-disk scattering potential, σpb for ν = 2
and ν = 1 cross at k f R ≈ 3.05. At radii smaller (larger)
than this value, pair breaking is stronger and Tc is lower
for ν = 2 (ν = 1).
10
kfR = 1
∼ T
ν = 1
0.1 1
1
0.1
0.01
10−3
T/Tc0
κ
x
x
/
κ
N
(T
c
0
) ∼ T
ν = 2
0.1 1
T/Tc0
ℓtr/ξ0
20
15
10
5
FIG. 3. Longitudinal thermal conductivity vs temperature
for chiral order ν = 1 (left) and ν = 2 (right), impurity radius
k f R = 1, and various normal-state transport lengths (see legend).
Normal-state thermal conductivity shown in black.
B. Density of States
The quasiparticle spectrum also depends sensitively on
the chiral winding number. Consider the local density of
states, N(ε) = N f ImgR(ε). Figure 2 shows multiple sub-
gap bound states which are broadened into bands with in-
creasing impurity density. These states are formed via
multiple Andreev scattering from the order parameter vari-
ations in momentum space, described by chiral order. As
a result, the number of the bound states and the energies
at which they occur depend not only on the structure of
the impurity potential, e.g., the hard-disc radius, but also
on the chiral winding number. This has important implica-
tions for transport phenomena, not least because transport
in the limit T . ∆mf is dominated by the lowest energy
sub-gap states, without which currents are exponentially
suppressed.
C. Thermal Conductivity & Anomalous Hall Effect
We now turn to thermal transport. In normal met-
als, the thermal conductivity, κN = (pi2/3)N f v f LNT , is
characterized by the transport mean free path LN =
1/(σtrnimp), defined in terms of the transport cross section
σtr = (2/k f )∑m sin2(δm−δm+1)71. In the superconduct-
ing state, the thermal conductivity reads
κ{xxxy}(T ) = N f v f
ˆ
dε
( ε
2T
sech
ε
2T
)2
L{xxxy}(ε), (60)
where we define the thermal transport lengths such that
Lxx(ε)≡ Re v f δg
a
1(ε)
−2ψa1 (ε)
and Lxy(ε)≡ Im v f δg
a
1(ε)
−2ψa1 (ε)
.
(61)
Figure 3 shows the temperature dependence of longitudi-
nal thermal conductivity. While the presence of impuri-
ties generally enhances thermal conductivity though for-
mations of sub-gap states, the effects depend on chiral or-
der. For impurities with k f R = 1, an Andreev bound state
at ε ≈ 0 develops for chiral order ν = 2 but not for ν = 1
(see, Fig. 2). This mid-gap ‘metallic’ band results in low-
temperature thermal conductivity which is linear in tem-
perature, i.e., κxx(T → 0) ∝ T . We see that such a behav-
ior is always present for ν = 2 whereas for ν = 1 it oc-
curs only at higher impurity densities where the impurity
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FIG. 4. Longitudinal (top) and transverse (bottom) thermal con-
ductivity vs temperature for chiral order ν = 1 (left) and ν = 2
(right), normal-state transport length LN/ξ0 = 7.5, and various
impurity radii (see legend). Normal-state thermal conductivity
shown in black.
bands broaden to close the gap at ε = 0. Figure 4 illus-
trates perhaps the most pronounced effects of finite-size
impurities on transport properties. Although longitudinal
conductivity at temperature T & ∆mf is hardly affected by
the impurity size or chiral order, the Hall conductivity de-
pends strongly on both. When impurities are smaller than
the inverse Fermi wavelength k f R . 1 and impurity scat-
tering is predominantly s-wave, the thermal Hall conduc-
tivity is severely suppressed for chiral states with ν = 2 but
remains finite for ν = 1. This agrees with our previous ar-
gument that Hall currents vanish for point-like impurities,
i.e., k f R 1, for all chiral orders but |ν |= 1. On the other
hand, for bigger impurities k f R > 1, the Hall conductiv-
ity can be substantially larger in chiral states with ν = 2,
compared to ν = 1. Furthermore, for a fixed normal-state
transport mean free path, the Hall conductivity exhibits
non monotonic dependence on the impurity size, reaching
maximum at an intermediate radius. This suggests that the
details of the impurity potential are of crucial importance
for a quantitative understanding of the anomalous Hall ef-
fect in chiral superconductors.
Finally we compare low-temperature Hall transport due
to edge states and impurities in the bulk. For chiral
triplet p-wave pairing, the edge thermal Hall conductance
is given by Kedgexy = pik2BT/6h¯72–74 whereas the bulk con-
ductance reads Kbulkxy = k f L
ε=0
xy pik2BT/6h¯ [see, Eq. (60)].
While Kedgexy is fixed, Kbulkxy depends on the effective trans-
port length Lε=0xy which is finite only in a window of im-
purity density, see Fig. 5. Hall transport vanishes in the
dirty limit due to the loss of chiral pairing, and bulk trans-
port is absent in the clean limit due to the loss of impurity-
induced states at ε = 0. When the spectrum is gapped at
ε = 0, the edge contribution is expected to dominate as
the bulk contribution vanishes. To compare the edge and
bulk contributions when both are present, we must esti-
mate material-specific parameters k f ξ0 and the impurity
size k f R. For example, taking k f ξ0 = 100 and k f R = 0.5,
we have maxnimp K
bulk
xy ≈ 35Kedgexy . In general we find that
when present, the bulk contribution tends to be dominant.
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FIG. 6. The impurity-induced anomalous thermal Hall conduc-
tivity vs temperature for hard-sphere radii k f R=1 and 1.5, and
for the order parameter belonging to the irreducible representa-
tions, E1u, E2g, E1g and E2u (see labels), of the point group D6h.
The dashed curves depict the Berry phase contribution. Here we
use the normal-state transport mean free path LN/ξ0=7.5 and a
material parameter k f ξ0=100.
D. 3D Chiral Superconductors
The results for two dimensional chiral states is easily
generalized to chiral states defined on closed 3D Fermi
surfaces with line and point nodes. This includes the
anomalous thermal Hall effects in three dimensional can-
didates for chiral superconductors, including Sr2RuO4 and
the heavy-fermion compound UPt3.
Figure 6 depicts the anomalous thermal Hall conduc-
tivity for chiral superconductors belonging to the spin-
triplet, odd-parity E1u and E2u representations and the
spin-singlet, even-parity E1g and E2g representations of
the hexagonal D6h point group, and Eu and Eg representa-
tions of D4h. These representations cover nearly all of the
proposed candidates for chiral superconductors, including
Sr2RuO4 and the heavy-fermion compound UPt3. Cru-
cially we see that the impurity-induced effects (solid lines)
dominate the Berry curvature contribution75,76 (dashed
lines) to the Hall conductivity in chiral pairing systems
with finite-size impurities.
Finally we estimate the magnitude of the impurity-
induced anomalous thermal Hall conductivity in UPt3.
Taking k f = 1A˚
−1, ξ0 = 100A˚ and Tc = 0.5K77, we ob-
tain κxy >3×10−3 WK−1m−1 near Tc for the f -wave E2u
state with a hard-sphere impurity radius k f R= 1.5 (see,
Fig. 6). This value is well within the sensitivity of the cur-
rent experimental techniques, which have measured κxy<
10−3 WK−1m−1 at T <1K78.
VII. CONCLUSIONS
We investigated the effects of finite-size impurities on
chiral superconductors in two dimensions. In particular,
a finite thermal Hall conductivity is obtained for super-
conductors with chiral winding ν = 1 (p-wave) and ν = 2
(d-wave). This contrasts with results obtained for point-
like impurities in which transverse heat currents vanish
in all but chiral p-wave states. We show further that the
impurity-induced sub-gap states, formed via multiple An-
dreev scattering, depend strongly on the topology of chi-
ral order as well as the structure of the impurity potential.
Our estimate suggests that the thermal Hall currents in-
duced by bulk impurities can be orders of magnitude larger
than that due to edge states. As the bulk and edge Hall ef-
fects both originate from broken time-reversal and mirror
symmetries, they are equally good indicators of chiral su-
perconductivity. Indeed the bulk effect might be more ex-
perimentally accessible; not only can it produce stronger
signals, but it is also less sensitive to the quality of the sur-
faces of a sample. In summary, our work provides quanti-
tative formulae for interpreting heat transport experiments
seeking to identify broken time-reversal symmetry and the
topology of chiral superconductors.
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